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Abstract. A bosonized-field-theory representation of spin operators in the
uniform-field-induced Tomonaga-Luttinger-liquid (TLL) phase in spin-1 Haldane
chains is formulated by means of the non-Abelian (Tsvelik’s Majorana fermion
theory) and the Abelian bosonizations and Furusaki-Zhang technique [Phys. Rev.
B 60, 1175 (1999)]. It contains massive magnon fields as well as massless boson
fields. From it, asymptotic forms of spin correlation functions in the TLL phase
are completely determined. Applying the formula, we further discuss effects of
perturbations (bond alternation, single-ion anisotropy terms, staggered fields, etc)
for the TLL state, and the string order parameter. Throughout the paper, we
often consider in some detail how the symmetry operations of the Haldane chains
are translated in the low-energy effective theory.
PACS numbers: 75.10.Jm,75.10.Pq,75.50.Ee
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1. Introduction
For (quasi) one-dimensional (1D) magnets, sophisticated theoretical tools have been
developed in the last decades; for example, bosonizations [1, 2, 3], conformal
field theory (CFT) [4], Bethe ansatz [5, 6], and several numerical methods (exact
diagonalization, density-matrix renormalization group (DMRG), quantum Monte
Carlo method (QMC), etc). Thanks to them, we have obtained a deep understanding
of 1D spin systems. Of course, they have succeeded in explaining a number of
experimental results of quasi 1D magnets. In this paper, we try to further develop
a low-energy field theory description for spin-1 antiferromagnetic (AF) chains in a
uniform magnetic field, which are a fundamental model in 1D spin systems.
Before discussing spin-1 AF chains, for comparison, let us briefly review the well-
established low-energy effective theory (so-called Abelian bosonization) for the spin-
1/2 XXZ chain [7, 8], which is one of the well-investigated and realistic models in spin
systems. The Hamiltonian is defined by
Hˆxxz = J
∑
j
[
1
2
(S+j S
−
j+1 + h.c.) + ∆zS
z
j S
z
j+1
]
−H
∑
j
Szj , (1)
where ~Sj is spin-1/2 operator on site j, J > 0 is the exchange interaction, ∆z is the
anisotropy parameter (∆z = 1 case is the SU(2) Heisenberg chain), and H ≥ 0 is a
uniform field. In a wide parameter regime including the zero-field line (1 < ∆z ≤ 1
and H = 0) [3, 8], the low-energy physics is governed by a one-component Tomonaga-
Luttinger liquid (TLL) phase, where the spin correlation functions are of an algebraical
decay type. For this critical phase, a beautiful field theory description has been
established as follows. The low-energy effective Hamiltonian is a massless Gaussian
model,
Hˆeffxxz =
∫
dx
v¯
2
[
K¯(∂xθ¯)
2 +
1
K¯
(∂xφ¯)
2
]
, (2)
where x = j × a0 (a0 is the lattice constant), φ¯(x) is the scalar bosonic field, θ¯(x)
is the dual of φ¯, v¯ is equal to the massless spinon velocity of the chain (1), and K¯
is the TLL parameter (K¯ = 1 and K¯ = 1/2 respectively correspond to the XY (free
fermion) point ∆z = 0 and the SU(2) Heisenberg one ∆z = 1) [9]. In this effective
theory framework, the spin operator ~Sj is approximated [3, 7, 8, 10] as
Szj /a0 ≈
M¯
a0
+
1√
π
∂xφ¯+ (−1)jAz1 sin
(√
4πφ¯+ 2πM¯
x
a0
)
+ · · · ,
S+j /a0 ≈ ei
√
piθ¯
[
(−1)jA0 +A1 sin
(√
4πφ¯+ 2πM¯
x
a0
)
+ · · ·
]
, (3)
where M¯ is the magnetization per site 〈Szj 〉, and An and Azn are nonuniversal
real constants. The magnetization M¯ , the velocity v¯, and the TLL parameter
K¯ can be determined as a function of the parameters (J,∆z, H), via the Bethe
ansatz integral equations for the XXZ chain. If these three parameters are given,
one can correctly know the asymptotic behavior of any spin correlation functions
through the formula (3). Since the accurate values of An and A
z
n have recently been
estimated [11, 10], it is also possible to obtain the amplitudes of the spin correlation
functions. This effective theory, especially the bosonized spin formula (3), is very
useful in analyzing not only the XXZ chain itself, but also several perturbation effects
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(bond alternations, next-nearest-neighboring interactions, anisotropy terms, etc) for
the XXZ chain and coupled spin-1/2 chain systems.
Now, we turn to spin-1 AF chains and their effective theories. In this paper, we
mainly consider the following simple spin-1 AF Heisenberg chain,
HˆS=1 = J
∑
j
~Sj · ~Sj+1 −H
∑
j
Szj , (4)
where ~Sj is “spin-1” operator on site j. In contrast to the spin-1/2 case, the spin-
1 AF chain (4) without a uniform field (H = 0) possesses a finite excitation gap
(call Haldane gap) on its disordered ground state, which is described by the famous
valence-bond-solid picture [12]. The low-lying excitation consists of a massive spin-1
magnon triplet around wave number p = π/a0. The spin correlation functions exhibit
an exponential decay. This drastic difference between the spin-1/2 and spin-1 cases
was first predicted by Haldane in 1983 [13]: he developed the nonlinear sigma model
(NLSM) approach [14, 15, 7] for spin systems in order to explain the above low-energy
physics of the spin-1 chain. After Haldane’s conjecture, based on the non-Abelian
bosonization approach to 1D spin systems [16, 17, 18], Tsvelik proposed a Majorana
(real) fermion theory [19, 1, 2, 20], which also has an ability to demonstrate the low-
energy properties of the spin-1 AF chains. Both theories are now a standard field
theory method of studying 1D spin-1 AF systems [21], like the Abelian bosonization
for spin-1/2 chains.
When a uniform field H is applied in the spin-1 SU(2) AF chain (4), the low-lying
magnon bands are split due to the Zeeman coupling. Provided that the bottom of
one band crosses the energy level of the disordered ground state, a magnon condensed
state and a finite magnetization occur [22, 23, 24, 25]. It is well known that this
quantum phase transition is of a commensurate-incommensurate (C-IC) type [26, 3],
and the resultant phase can be regarded as a TLL. Therefore, it is expected that, just
like the formula (3), one can obtain a bosonized-spin expression in this TLL phase.
However, as far as we know, any clear bosonization formulas of spin-1 operators in
this magnon-condensed phase have not been established yet. Namely, such a formula
has not been argued enough so far [27].
The main purpose of this paper is to derive a satisfactory bosonization formula
for spin-1 operators in the above TLL phase. To this end, we start with Tsvelik’s
Majorana fermion theory. This theory makes it possible to treat the Zeeman term in
a nonperturbative way. Moreover, it can carefully deal with the uniform component of
spins (the part around wave number p ∼ 0) as well as the staggered ones, in contrast
to the NLSM approach. (We explain these properties of the fermion theory in later
sections). To make the new bosonization formula, the bosonized-spin expression for
the uniform-field-induced TLL phase in a two-leg spin-1/2 AF ladder [28] and its
derivation, which was performed by Furusaki and Zhang [29], is very instructive
and helpful. We will rely on these results. We will often discuss the symmetry
correspondences between the original spin-1 AF chain (4) and the effective field
theory. Like the formula (3), our resulting formula would be powerful in studying
various (quasi) 1D spin-1 AF systems with magnons condensed. Recently, magnon-
condensed states in quasi 1D gapped magnets, including spin-1 compounds such as
NDMAP [30, 31, 32, 33, 34, 35], NDMAZ [36], TMNIN [37] and NTENP [38, 39], have
been intensively investigated by some experiment groups. Our new formula hence is
expected to be effective for understanding results of such experiments.
The organization of the rest of the paper is as follows. In Sec. 2, we review
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Tsvelik’s Majorana fermion theory for the spin-1 AF chain without external fields.
Section 3 is devoted to discussing the effective field theory for the uniform-field-
induced TLL in spin-1 AF chains, which is based on the Majorana fermion theory.
These two sections are needed as the preparation to construct a field-theory formula
for spin operators in the TLL phase, although several parts of them have been already
discussed in literature [1, 2, 19, 20, 40]. In Sec. 4, which is the main content of this
paper, employing the contents of Secs. 2 and 3, we derive the formula of spin operators.
Moreover, using it, we estimate the asymptotic forms of spin correlation functions in
the TLL phase. Section 5 provides easy applications of our field-theory formula of spin
operators. We consider the nonlocal string order parameter [41, 40], effects of some
perturbation terms (bond alternation, a few anisotropy terms, etc) for the TLL state,
and the magnon-decay process caused by anisotropic perturbations. We summarize
the results of this paper in Sec. 6. Appendices may prove useful when reading the
main text.
2. Spin-1 AF chain without external fields
In this section, we review the non-Abelian bosonization (Tsvelik’s Majorana fermion
theory) method for the spin-1 Heisenberg AF chain with H = 0, especially focusing
on the symmetries of the chain.
2.1. WZNW model and Majorana fermion theory
First, we define the spin-1 bilinear-biquadratic chain,
Hˆβ = J
∑
j
[
~Sj · ~Sj+1 + β(~Sj · ~Sj+1)2
]
. (5)
Several studies [42] reveal that the system belongs to the “Haldane phase” in the
regime |β| < 1, and the points β = ±1 correspond to a quantum criticality. In the
Haldane phase, the ground state is disordered (namely, all symmetries are conserved)
and the lowest excitations have a finite Haldane gap on it. It is shown [16, 43, 44] that
the low-energy physics of the critical point β = −1 is captured by an SU(2) level-2
Wess-Zumino-Novikov-Witten (WZNW) model [1, 2], a model of CFT with central
charge c = 3/2, plus irrelevant perturbations preserving the spin SU(2) symmetry.
This WZNW model possesses a Majorana (real) fermion description, i.e., the WZNW
model with c = 3/2 is equivalent to three copies of massless real fermions, each
of which is regarded as a critical Ising system (a minimal model of CFT) with
c = 1/2 [17, 28, 1, 2]. Using the fermion (or Ising) picture, one can represent the
Hamiltonian of the WZNW model as follows:
Hˆwznw =
∫
dx
i
2
v0
∑
q=1,2,3
[
ξqL∂xξ
q
L − ξqR∂xξqR
]
, (6)
where ξqL(R)(x) = ξ
q
L(R)
†
(x) is the left (right) moving field of the qth real fermion with
scaling dimension ∆s = 1/2, and v0 is the “light” velocity of the fermions. We here
normalize the fermions ξqL(R) through the anticommutation relation {ξqν(x), ξq
′
ν′ (y)} =
δν,ν′δq,q′δ(x−y), where the delta function stands for δx,y/α [α is a constant of O(a0)].
At the WZNW point β = −1, the spin operator is approximated as the following sum
of the uniform and the staggered components [16, 19, 1, 2],
Sqj /a0 ≈ Jq(x) + (−1)jC0N q(x), (q = 1, 2, 3 or x, y, z), (7)
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where
Jq(x) = JqL(x) + J
q
R(x), J
q
L(R) = −iξq+1L(R)ξq+2L(R), (q + 3 = q),

N1 = µ1σ2µ3
N2 = σ1µ2µ3
N3 = µ1µ2σ3
, (8)
and C0 is a nonuniversal constant. The quantity J
q
L(R) is equivalent to the left (right)
component of the SU(2) current in the WZNW model with ∆s = 1, and σ
q (µq) is
the qth-Ising order (disorder) field with ∆s = 2/16.
According to Tsvelik [19, 18, 1, 2], transferring from the WZNW point β = −1
to the Heisenberg one β = 0 corresponds to adding two SU(2)-symmetric (see the
next subsection) perturbation terms, a fermion mass term and a marginally irrelevant
current-current interaction, to the WZNW model (6). Namely, he proposed that the
low-energy and long-distance properties of the spin-1 Heisenberg chain (4) are govern
by the effective Hamiltonian,
HˆeffS=1 =
∫
dx
∑
q
[
i
2
v0 (ξ
q
L∂xξ
q
L − ξqR∂xξqR) +miξqLξqR − λJqLJqR
]
, (9)
where we may set m > 0 and λ > 0, which guarantees the irrelevancy of the
λ term. From the viewpoint of the spin-1 AF chain, fermions ξqL,R stand for
the low-lying magnon triplet around wave number p = π/a0, the mass parameter
m corresponds to the Haldane gap, and the λ term represents the inter-magnon
interaction. Renormalizing the λ interaction effect into the kinetic and the mass
terms, or simply neglecting the λ term, one can determine the values of v0 and m from
the numerically-estimated magnon dispersion of the spin-1 Heisenberg chain; such a
procedure provides v0 ≈ 2.49Ja0 and m ≈ 0.41J [45, 46]. One should interpret that
the inequality m > 0 corresponds to the disordered phase in the Ising-model picture,
in which 〈µq〉 6= 0 and 〈σq〉 = 0. For the disordered phase, Ising-field correlation
functions [47, 28, 19] are shown to be
〈σq(x)σq(0)〉 ≈ B1√
2π|x|/ξc
(
1 +O(|x/ξc|−1)
)
e−|x|/ξc +O(e−3|x|/ξc),
〈µq(x)µq(0)〉 ≈ B1
[
1−
(
1
16π|x|/ξc +O(|x/ξc|
−2)
)
e−2|x|/ξc
]
+O(e−4|x|/ξc), (10)
at a long distance, x ≫ ξc = v0/m [48]. Here, B1 is a nonuniversal constant, and
ξc ≈ 6a0 is the correlation length. If we assume that the field-theory formula (7)
is valid even at the Heisenberg point β = 0, that formula and the result (10) lead
to the following asymptotic behavior of the spin correlation functions of the spin-1
Heisenberg chain:
〈SqjSq0〉 ≈ (−1)j
B2√
|x|/ξc
e−|x|/ξc +
B3
|x|/ξc e
−2|x|/ξc + · · · , (11)
where we used Eqs. (B.3) and (B.4) to derive the second term, and B2,3 are
nonuniversal constants. The exponential parts in Eq. (11) are consistent with those
predicted by the NLSM approach [49], but the prefactor (∝ 1/x) of the second uniform
term differs from that of the NLSM, which predicts a prefactor proportional to 1/x2.
From the calculation of DMRG [49], we may conclude B2 ≈ 0.25 and B3 ≪ B2.
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2.2. Symmetries of the spin-1 AF Heisenberg chain
The effective Hamiltonian (9) and the field-theory expression of the spin (7) tell us
how the symmetries of the spin-1 Heisenberg chain are translated in the field theory
language [16, 18, 20]. Here, we consider four kinds of symmetry: the spin rotation
~Sj → R~Sj (R is an SO(3) matrix), the one-site translation ~Sj → ~Sj+1, the time
reversal ~Sj → −~Sj, and the site-parity transformation ~Sj → ~S−j . Note that the
link-parity symmetry is the combination of the one-site translational and site-parity
symmetries.
(i) The spin rotation may be realized by
~ξL,R →R~ξL,R, ~N →R ~N, (12)
where ~ξν =
t(ξ1ν , ξ
2
ν , ξ
3
ν) and ~N =
t(N1, N2, N3). The “rotation” of fermions induces
~Jν → R ~Jν and ~J → R ~J , where ~Jν = t(J1ν , J2ν , J3ν ) and ~J = t(J1, J2, J3). The latter
transformation in Eq. (12) could be regarded as
~σ → R~σ, (13)
where ~σ = t(σ2, σ1, σ3). If both the mass and the interaction terms are absent (i.e.,
the system is completely critical), the chiral SO(3)×SO(3) symmetry (independent
rotations of the left and right fields) appears.
(ii) The one-site translation may correspond to
~ξL,R(x)→ −~ξL,R(x+ a0), ~N(x)→ − ~N(x+ a0). (14)
Since the fermions ξqL,R describe the magnon excitations around wave number p = π/a0
in the original chain (4), we should insert −1 in the first transformation of Eq. (14).
The second transformation can be realized by{
~σ(x)→ −~σ(x+ a0)
~µ(x)→ ~µ(x+ a0) , or
{
~σ(x)→ −~σ(x + a0)
~µ(x)→ −~µ(x+ a0) , (15)
where ~µ = t(µ1, µ2, µ3). Due to this transformation, the factor (−1)j in front of the
staggered component of the spin (7) changes to (−1)j+1.
(iii) The time reversal may correspond to
~ξL,R → ~ξR,L, ~N → − ~N, i→ −i. (16)
The second mapping ~N → − ~N could be interpreted as{
~σ → −~σ
~µ→ ~µ , or
{
~σ → −~σ
~µ→ −~µ . (17)
(iv) As a proper mapping of the continuous fields towards the site-parity
transformation, we can propose{
~ξL(x)→ ∓~ξR(−x)
~ξR(x)→ ±~ξL(−x)
, ~N(x)→ ~N(−x). (18)
All the transformations (i)-(iv) leaves the effective Hamiltonian (9) invariant. In
other words, the symmetries (i)-(iv) allow the existence of the mass term and the
current-current interaction one.
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2.3. Dirac fermion and Abelian bosonization
Besides the relationship between the WZNW model and three copies of massless
real fermions, it is well known that two copies of the real fermions are equivalent
to a massless Gaussian theory with TLL parameter 1 or a massless Dirac (complex)
fermion, except for a few subtle aspects [4]. Namely, one can bosonize two copies of
the real fermions. In this subsection, we apply such a bosonization procedure for the
effective theory (9). The results are useful in the later sections.
Let us define the following Dirac fermion,
ψL =
1√
2
(ξ1L + iξ
2
L), ψR =
1√
2
(ξ1R + iξ
2
R). (19)
which obey {ψν(x), ψν′ (y)} = 0 and {ψν(x), ψ†ν′ (y)} = δν,ν′δ(x − y). Using this, we
can rewrite the bilinear (free) part of the Hamiltonian (9) as follows:
Hˆfree =
∫
dx iv0
(
ψ†L∂xψL − ψ†R∂xψR
)
+mi(ψ†LψR − ψ†RψL)
+
i
2
v0
(
ξ3L∂xξ
3
L − ξ3R∂xξ3R
)
+miξ3Lξ
3
R
= Hˆ[ψ] + Hˆ[ξ3]. (20)
Applying the standard Abelian bosonization method (see Appendix A) to the Dirac-
fermion part Hˆ[ψ], we obtain the following sine-Gordon Hamiltonian,
Hˆ[ψ]→ Hˆ[Φ] =
∫
dx
v0
2
[
(∂xΘ)
2 + (∂xΦ)
2
]
+
m
πα
cos(
√
4πΦ), (21)
where Φ is the scalar field, Θ is the dual of Φ, α ∼ a0 is the nonuniversal short-
distance cut off, the relevant cos term bears the Haldane gap, and we simply dropped
the Klein factors. The fields (ξ1ν , ξ
2
ν) and (σ
1,2, µ1,2) in the spin operator (7) can also
be rewritten in the Dirac-fermion or the boson languages. The uniform component in
Eq. (7) is
J1L + J
1
R =
1√
2
(ψ†L − ψL)ξ3L +
1√
2
(ψ†R − ψR)ξ3R
=
i√
πα
[
ζLξ
3
L sin(
√
π(Φ + Θ))− ζRξ3R sin(
√
π(Φ−Θ))] ,
J2L + J
2
R =
i√
2
(ψ†L + ψL)ξ
3
L +
i√
2
(ψ†R + ψR)ξ
3
R
=
i√
πα
[
ζLξ
3
L cos(
√
π(Φ + Θ)) + ζRξ
3
R cos(
√
π(Φ−Θ))] ,
J3L + J
3
R = − : ψ†LψL : − : ψ†RψR := −
1√
π
∂xΦ, (22)
where ζν is the Klein factor for the fermion ψν , and we assumed {ζν , ξ3ν′} = 0. The
symbol : : denotes a normal-ordered product; : ψ†νψν := ψ
†
νψν − 〈ψ†νψν〉. From the
formula (A.6), the staggered component of the spin [50] is bosonized as
N1 = µ3 sin(
√
πΘ),
N2 = µ3 cos(
√
πΘ),
N3 = σ3 cos(
√
πΦ). (23)
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Employing Eqs. (19)-(23) and Abelian bosonization formulas (see Appendix A),
let us consider how symmetry operations of the original spin-1 chain (4) are represented
within the above Dirac-fermion and boson framework, as in the last subsection.
(i) Let us define the following U(1) rotation around the spin z axis,
 SxjSyj
Szj

 →

 cos γ − sin γ 0sin γ cos γ 0
0 0 1



 SxjSyj
Szj

 , (24)
where γ is a real number. One can easily find that this corresponds to
ψL,R → eiγψL,R, Θ(x)→ Θ(x)− γ√
π
. (25)
This transformation is nothing but the U(1) symmetry that is explicitly preserved via
the Abelian bosonization procedure.
(ii) The one-site translation ~Sj → ~Sj+1 could be realized as{
ψL,R(x)→ −ψL,R(x+ a0)
ξ3L,R(x)→ −ξ3L,R(x+ a0) ,
{
Θ(x)→ Θ(x+ a0) +
√
π
Φ(x)→ Φ(x+ a0) ,{
σ3(x)→ −σ3(x+ a0)
µ3(x)→ µ3(x+ a0) . (26)
The second and third transformations change the staggered factor (−1)j in Eq. (7)
into (−1)j+1. These two correspond to the first proposal in Eq. (15).
(iii) The time reversal ~Sj → −~Sj could be interpreted as{
ψL,R ↔ ψ†R,L
ξ3L,R → ξ3R,L
,


ζL,R → ζR,L
ΦL,R → −ΦR,L
Φ→ −Φ
,
{
σ3 → −σ3
µ3 → −µ3 , i→ −i. (27)
The second and third mappings are equivalent to the second proposal in Eq. (17).
(iv) The site-parity transformation ~Sj → ~S−j might correspond to [51]

ψL(x)→ ∓ψR(−x)
ψR(x)→ ±ψL(−x)
ξ3L(x)→ ∓ξ3R(−x)
ξ3R(x)→ ±ξ3L(−x)
,


ζL → ∓ζR
ζR → ±ζL
Φ(x)→ −Φ(−x)
Θ(x)→ Θ(−x)
,
{
σ3(x)→ σ3(−x)
µ3(x)→ µ3(−x) . (28)
3. Effective field theory for uniform-field-induced TLL in spin-1 AF chain
Based on the Majorana fermion theory explained in the last section, we consider the
uniform-field effects in the spin-1 AF chain (4), especially the uniform-field-induced
critical phase.
From the formula (7), the Zeeman term in the chain (4) is approximated as the
following fermion bilinear form,
−H
∑
j
Szj ≈
∫
dx iH(ξ1Lξ
2
L + ξ
1
Rξ
2
R). (29)
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Therefore, it is possible to nonperturbatively treat the Zeeman term, together with
the free part (20), within the field theory scheme. This is a significant advantage of
the Majorana fermion theory. Take notice here that the Zeeman coupling reduces the
spin SU(2) symmetry to the U(1) one around the spin z axis, and destroys the time-
reversal symmetry; the remaining symmetries are the U(1), the one-site translation,
and the site-parity ones. The right-hand side in Eq. (29) is indeed not invariant under
the time reversal and any spin rotations except for the U(1) one.
Supposing the inter-magnon interaction may be negligible at the starting point,
the effective Hamiltonian for the spin-1 AF chain (4) with a finite H is
HˆeffH =
∫
dx
[
iv0
(
ψ†L∂xψL − ψ†R∂xψR
)
+mi(ψ†LψR − ψ†RψL) +H(ψ†LψL + ψ†RψR)
+
i
2
v0
(
ξ3L∂xξ
3
L − ξ3R∂xξ3R
)
+miξ3Lξ
3
R
]
. (30)
In order to diagonalize this Hamiltonian, and see its band structure, we introduce the
Fourier transformations of fermion fields as follows:
ξ3ν(x) =
1√
L
∑
k
eikxξ˜3ν(k), ξ˜
3
ν(k) =
1√
L
∫
dx e−ikxξ3ν(x),
ψν(x) =
1√
L
∑
k
eikxψ˜ν(k), ψ˜ν(k) =
1√
L
∫
dx e−ikxψν(x), (31)
where L = Na0 is the system size (N : total number of site), and k (|k| < Λ : Λ ∼ a−10
is the ultraviolet cut off) is the wave number: a related quantity p = k + π/a0 is
interpreted as the wave number of the original lattice system (4). Since ξ3ν is real,
ξ˜3ν
†(k) = ξ˜3ν(−k) holds. New fermions ξ˜3ν and ψ˜ν obey the anticommutation relations
{ξ˜3ν(k), ξ˜3ν′ (k′)} = δν,ν′δk,−k′ , {ψ˜ν(k), ψ˜†ν′(k′)} = δν,ν′δk,k′ , and {ψ˜ν(k), ψ˜ν′(k′)} = 0.
Substituting Eq. (31) into the Hamiltonian (30), we obtain
HˆeffH =
∑
|k|<Λ
Ψ˜†kMψk Ψ˜k +
∑
0<k<Λ
Ξ˜†kMξkΞ˜k, (32)
where Ψ˜k =
t(ψ˜R, ψ˜L), Ξ˜k =
t(ξ˜3R, ξ˜
3
L), and
Mψk =
(
kv0 +H −im
im −kv0 +H
)
, Mξk =
(
kv0 −im
im −kv0
)
. (33)
Subsequently, performing the following Bogoliubov transformation,
Ψ˜k = Uk
(
η˜−(k)
η˜+(k)
)
, Ξ˜k = Uk
(
η˜0(k)
η˜0(−k)
)
, (34)
where
Uk = m√
2ǫ0(k)
(
(ǫ0(k)− kv0)−1/2 (ǫ0(k) + kv0)−1/2
i(ǫ0(k)− kv0)1/2/m −i(ǫ0(k) + kv0)1/2/m
)
,
ǫ0(k) =
√
k2v20 +m
2, (35)
one can finally obtain the diagonalized Hamiltonian,
HˆeffH =
∑
|k|<Λ
[
ǫ−(k)η˜
†
−(k)η˜−(k) + ǫ0(k)η˜
†
0(k)η˜0(k)
− ǫ+(k)η˜†+(k)η˜+(k)
]
, (36)
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where ǫ∓(k) = ǫ0(k)±H . While three bands ǫ±,0(k) are degenerate at H = 0, a finite
field H mixes the first and third fermions ξ1ν and ξ
3
ν , and leaves these bands split. The
dispersions ǫ±,0(k) indicate that the Majorana fermion theory correctly reproduces the
Zeeman splitting. Fields η˜+, η˜
†
0 and η˜
†
− may respectively be regarded as S
z = 1, 0 and
= −1 magnon creation operators. Here, let us consider how the symmetry operations
are represented in the picture of the magnon fields η˜±,0. Using the transformations
(25) and (26) and the relationship between (ψν ,ξ
3
ν) and η˜±,0 [Eqs. (31) and (34)],
one finds that the U(1) rotation along the spin z axis and the one-site translation
respectively correspond to
η˜± → eiγ η˜±, (37)
η˜±(k)→ −eika0 η˜±(k), η˜0(k)→
{ −eika0 η˜0(k) (k > 0)
−e−ika0 η˜0(k) (k < 0) . (38)
If we neglect the k-dependence of Uk or consider only fermion fields around k = 0, we
could interpret that the site-parity transformation in Eq. (28) is realized by
η˜+(k)→ ∓iη˜+(−k), η˜−(k)→ ±iη˜−(−k),
η˜0(k)→
{ ±iη˜0(−k) (k > 0)
∓iη˜0(−k) (k < 0) . (39)
The Hamiltonian (36) is clearly invariant under these transformations. One has to
keep in mind that the symmetry operation (39) is valid only around k = 0.
As H exceeds the Haldane gap m, the band ǫ+(k) crosses the zero energy line.
This just corresponds to the C-IC transition of the spin-1 AF chain (4) [22, 23, 24, 25].
Then the system enters in a critical TLL phase with the magnon η˜+ condensed. The
two remaining bands ǫ−,0(k) are still massive and completely empty of magnons:
〈µ3〉 6= 0 and 〈σ3〉 = 0 still hold. Focusing on the low-energy physics in this case of
H > m, we can approximate the Sz = 1 magnon field η˜+ as a new Dirac fermion with
a linear dispersion as in Fig. 1. The left and right movers L(x) and R(x) of the Dirac
fermion are defined as
L(x) =
1√
L
∑
|k|<Λ′
eikxL˜(k), R(x) =
1√
L
∑
|k|<Λ′
eikxR˜(k),
L˜(k) = η˜+(k + kF ), R˜(k) = η˜+(k − kF ), (40)
where the Fermi wave number kF =
√
H2 −m2/v0 is determined from ǫ+(kF ) = 0,
and the cut off Λ′ should be much smaller than Λ. Using the Dirac fermion, one can
rewrite the effective Hamiltonian (36) in the case of H > m, in the real space, as
follows:
HˆeffH>m =
∫
dx
[
ivF
(
L†∂xL−R†∂xR
)
+
i
2
v0
(
ξ3L∂xξ
3
L − ξ3R∂xξ3R
)
+miξ3Lξ
3
R
+ η†−
(
− v
2
0
2m
∂2x +m+H +O(∂4x)
)
η−
]
= Hˆ[L,R] + Hˆ[ξ3] + Hˆ[η−], (41)
where vF = ∂ǫ+/∂k|k=kF =
√
H2 −m2v0/H is the Fermi velocity, and η−(x) =
1√
L
∑
k e
ikxη˜−(k). Take notice that the linearized dispersion and the definition of L
and R become less reliable as the field H becomes closer to the lower critical value m
(vF → 0).
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Figure 1. Spin-1 magnon band structure at H > m.
So far we have omitted the inter-magnon interaction terms in this section. They
would yield interactions among L, R, ξ3ν and η− (see the next section). A better
method of dealing with such terms is the Abelian bosonization. Through it, the
Dirac-fermion part in the effective theory (41) is mapped to the following Gaussian
model,
Hˆ[L,R]→ Hˆ[φ] =
∫
dx
v
2
[
K(∂xθ)
2 +
1
K
(∂xφ)
2
]
, (42)
where φ is a scalar field, θ is the dual of φ, v is the renormalized Fermi velocity,
and K is the TLL parameter: although K = 1 and v = vF at the stage of Eq. (41),
both parameters are subject to the renormalization due to irrelevant interaction effects
neglected here. The Hamiltonian (42) just describes the low-energy physics of the TLL
phase in the chain (4).
4. Field-theory representation of spin operators in H > m
Making use of the contents in the preceding sections, we construct a field-theory
representation of spin operators in the uniform-field-induced TLL phase in the spin-1
AF chain (4).
4.1. Spin uniform component and Magnetization
First, we consider the uniform component of the spin, ~J = ~JL + ~JR in Eq. (7). In the
low-energy limit, Eqs. (34) and (40) allow us to approximate the “old” Dirac fermion
ψν as follows:
ψR(x) ≈ 1√
2
η−(x) + eikFxU+L(x) + e−ikF xU−R(x),
ψL(x) ≈ i√
2
η−(x) − ieikFxU−L(x)− ie−ikFxU+R(x), (43)
where the prefactor 1[i]/
√
2 of the first term is the (1, 1) [(2, 1)] component of the
matrix Uk=0, and U± = m/
√
2H(H ±√H2 −m2) is the (1, 1) component of U∓kF .
Note that U± have properties (i) U± → 1/
√
2 at H → m + 0, (ii) U2+ + U2− = 1,
and (iii) U+U− = m2H . From this relationship between ψν and (L,R, η−) [see also
Eqs. (37)-(39)], we know how the latter three fields are transformed by symmetry
operations. The U(1) rotation in Eq. (25) corresponds to
η− → eiγη−,
{
L→ eiγL
R→ eiγR . (44)
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The one-site translation in Eq. (26) is mapped to
η−(x)→ −η−(x+ a0),
{
L(x)→ −eikF a0L(x+ a0)
R(x)→ −e−ikF a0R(x+ a0) . (45)
The site-parity transformation in Eq. (28), ψL(x) → ∓ψR(−x) and ψR(x) →
±ψL(−x), can be reproduced by
η−(x)→ ±iη−(−x),
{
L(x)→ ∓iR(−x)
R(x)→ ∓iL(−x) . (46)
One can confirm that the Hamiltonian (41) is invariant under these transformations.
Using the relation (43), we can rewrite fields ξ1,3ν in ~JL,R in terms of L, R, and
η−. As a result, the currents ~JL,R are reexpressed as
J1L(x) ≈
[
− i
2
(η†− + η−) +
i√
2
U−(e−ikF xL† + eikF xL)
+
i√
2
U+(e
ikF xR† + e−ikFxR)
]
ξ3L, (47a)
J2L(x) ≈
[1
2
(η†− − η−)−
1√
2
U−(e−ikF xL† − eikFxL)
− 1√
2
U+(e
ikF xR† − e−ikFxR)
]
ξ3L, (47b)
J3L(x) ≈
1
4
(η−η
†
− − η†−η−) +
U2−
2
(LL† − L†L) + U
2
+
2
(RR† −R†R)
+
U−√
2
[
eikF xη†−L+ h.c
]
+
U+√
2
[
e−ikFxη†−R+ h.c
]
− U+U−
[
e−2ikFxL†R+ h.c
]
, (47c)
J1R(x) ≈
[1
2
(η†− − η−) +
1√
2
U+(e
−ikF xL† − eikFxL)
+
1√
2
U−(eikF xR† − e−ikFxR)
]
ξ3R, (47d)
J2R(x) ≈
[ i
2
(η†− + η−) +
i√
2
U+(e
−ikF xL† + eikFxL)
+
i√
2
U−(eikF xR† + e−ikFxR)
]
ξ3R, (47e)
J3R(x) ≈
1
4
(η−η
†
− − η†−η−) +
U2+
2
(LL† − L†L) + U
2
−
2
(RR† −R†R)
− U+√
2
[
eikF xη†−L+ h.c
]
− U−√
2
[
e−ikFxη†−R+ h.c
]
− U+U−
[
e−2ikFxL†R+ h.c
]
, (47f)
It is easily found that the above ~JL,R are appropriately transformed for the symmetry
operations (44), (25), (45), (26), (46) and (28). In addition, the Hermitian nature of
all current operators is preserved in Eq. (47). Even if, instead of Eq. (43), we use
precise representations of continuous fields in the Fourier space such as Eqs. (31) and
(40), we can finally arrive at the same expression as Eq. (47).
The Fermi wave number kF is related with the uniform magnetizationM = 〈Szj 〉.
It is given by the formula (47) or the Fourier-space representation of J3 = J3L + J
3
R.
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The result is
M =
1
N
〈∑
j
Szj
〉
=
1
N
∫
dx 〈J3(x)〉
(
≈ 1
N
∫
dx
1
2
[
〈LL† − L†L〉+ 〈RR† −R†R〉+ 〈η−η†−〉
])
=
∑
|k|<kF
〈η˜+(k)η˜†+(k)〉 =
kFa0
π
. (48)
From the derivation process of Eq. (48), we also find that the first three terms in
Eqs. (47c) and (47f) should respectively be regarded as
1
4
(
η−η
†
− − η†−η−
)
+
U2−
2
(
LL† − L†L)+ U2+
2
(
RR† −R†R)
→ −U2− : L†L : −U2+ : R†R : +
M
2a0
− 1
2
η†−η−,
1
4
(
η−η
†
− − η†−η−
)
+
U2+
2
(
LL† − L†L)+ U2−
2
(
RR† −R†R)
→ −U2+ : L†L : −U2− : R†R : +
M
2a0
− 1
2
η†−η−. (49)
Utilizing the results (47) -(49), and applying the Abelian bosonization to the
Dirac fermion (L,R), we can straightforwardly lead to the following partially bosonized
currents ~JL,R:
J1L(x) ≈
[
− i
2
(η†− + η−) +
iU−√
πα′
κL cos(
√
4πφL − πMx/a0)
+
iU+√
πα′
κR cos(
√
4πφR − πMx/a0)
]
ξ3L,
J2L(x) ≈
[1
2
(η†− − η−)−
iU−√
πα′
κL sin(
√
4πφL − πMx/a0)
+
iU+√
πα′
κR sin(
√
4πφR − πMx/a0)
]
ξ3L,
J3L(x) ≈ −
U2−√
π
∂xφL −
U2+√
π
∂xφR +
M
2a0
− 1
2
η†−η−
+
U−√
4πα′
[
η†−κLe
−i√4piφL+ipiMx/a0 + h.c
]
+
U+√
4πα′
[
η†−κRe
i
√
4piφR−ipiMx/a0 + h.c
]
− iU+U−
πα′
κLκR sin(
√
4πφ− 2πMx/a0),
J1R(x) ≈
[1
2
(η†− − η−) +
iU+√
πα′
κL sin(
√
4πφL − πMx/a0)
− iU−√
πα′
κR sin(
√
4πφR − πMx/a0)
]
ξ3R,
J2R(x) ≈
[ i
2
(η†− + η−) +
iU+√
πα′
κL cos(
√
4πφL − πMx/a0)
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+
iU−√
πα′
κR cos(
√
4πφR − πMx/a0)
]
ξ3R,
J3R(x) ≈ −
U2+√
π
∂xφL −
U2−√
π
∂xφR +
M
2a0
− 1
2
η†−η−
− U+√
4πα′
[
η†−κLe
−i√4piφL+ipiMx/a0 + h.c
]
− U−√
4πα′
[
η†−κRe
i
√
4piφR−ipiMx/a0 + h.c
]
− iU+U−
πα′
κLκR sin(
√
4πφ− 2πMx/a0), (50)
where α′ ∼ 1/Λ′ is the short-distance cut off, and κL(R) is the Klein factor for the
field L(R). Therefore, the bosonized uniform components of the spin are written as
J3(x) ≈ M
a0
− 1√
π
∂xφ− η†−η− − iCz0κLκR sin(
√
4πφ− 2πMx/a0)
+ Cz1
(
η†−κLe
−i√pi(φ+θ)+ipiMx/a0 + h.c
)
− Cz1
(
η†−κRe
−i√pi(φ−θ)−ipiMx/a0 + h.c
)
+ · · · , (51a)
J+(x) ≡ J1(x) + iJ2(x)
≈
{
− iη− + e−i
√
piθ
[
iC1κLe
−i√piφ+piMx/a0
+ iC2κRe
i
√
piφ−piMx/a0 + · · ·
]
+ · · ·
}
ξ3L
+
{
− η− − e−i
√
piθ
[
C2κLe
−i√piφ+piMx/a0
+ C1κRe
i
√
piφ−piMx/a0 + · · ·
]
+ · · ·
}
ξ3R, (51b)
where Cn and C
z
n are nonuniversal constants, which contain the effects of irrelevant
terms neglected at the stage (41). When the irrelevant terms are not taken into
account, constants Cz0 , C
z
1 , C1, and C2 are respectively proportional to U+U−,
U− − U+, U−, and U+. Therefore, it is inferred that Cz1 → 0 at H → m + 0. In
Eqs. (50) and (51), we used the formula (A.3). If, instead of it, we use another
formula (A.4), we can add more irrelevant terms to Eqs. (50) and (51). Namely, we
may perform the replacement,
e±i
√
pi(φ+θ)∓ipiMx/a0 →
∞∑
n=0
C˜ne
±i(2n+1)(√piφ−piMx/a0)e±i
√
piθ,
e±i
√
pi(φ−θ)∓ipiMx/a0 →
∞∑
n=0
C˜ne
±i(2n+1)(√piφ−piMx/a0)e∓i
√
piθ, (52)
where C˜n is a nonuniversal constant. Equation (51) is a main result in this paper.
We expect that replacing the Klein factors in Eq. (51) with a constant is admitted in
most situations. (A typical situation is when one investigates asymptotic features of
spin correlation functions. See Sec. 4.4.)
Finally, using the results (47)-(50), let us investigate how the current-current
interaction λ term modifies the parameter K of the effective theory (42). Since the
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SU(2) spin-rotation symmetry is reduced to the U(1) one in the case with a finite
H , the term −λ ~JL ~JR might be modified to −λ⊥(J1LJ1R + J2LJ2R) − λ‖J3LJ3R, in which
we assume that both λ⊥ and λ‖ are positive. Equations (47) and (49) lead to the
following representation of the current-current interaction [52]:
J3L(x+)J
3
R(x) ≈
(
U2− : R
†R : +U2+ : L
†L :
) (
U2+ : R
†R : +U2− : L
†L :
)
+ U2+U
2
−
(
L†R(x+)R†L(x) +R†L(x+)L†R(x)
)
− M
2a0
(
: L†L : + : R†R :
)
+
U2+ + U
2
−
2
η†−η−
(
: L†L : + : R†R :
)
− U+U−
2
[
η†−η−(L(x+)L
†(x) +R(x+)R†(x)) + h.c.
]
+
U2− − U2+
2
(
η†−(x+)η
†
−(x)LR+ h.c.
)
+ oscillating terms + others, (53a)
J1L(x+)J
1
R(x) + J
2
L(x+)J
2
R(x) ≈
iU+U−
(
L†L− LL† +R†R−RR†) ξ3Lξ3R
+ oscillating terms + others, (53b)
where we used x+ = x+δ (δ is a small parameter of O(a0)), “oscillating terms” have a
factor e±inpiMx/a0 (n: integer), which are irrelevant except for the case thatM is close
to a special commensurate value, and “others” are constructed by only massive fields
(ξ3ν , η−). The Hamiltonian (41) plus the above current-current interaction is regarded
as a more accurate low-energy effective theory for the uniform-field-driven TLL phase.
Integrating out the part of massive fields (ξ3ν , η−) in the effective theory [53], we obtain
a Hamiltonian for the interacting Dirac fermion (L,R) that just corresponds to the
Gaussian theory (42). In the Gaussian theory framework, the first and second terms
of Eq. (53a) directly contribute to the renormalization of the TLL parameter K and
the velocity v as follows. The bosonized forms of these two terms are written as(
U2− : R
†R : +U2+ : L
†L :
) (
U2+ : R
†R : +U2− : L
†L :
)
→ 1
4π
(∂xφ)
2 − (U
2
− − U2+)2
4π
(∂xθ)
2
+
U4− − U4+
4π
[∂xφ∂xθ − ∂xθ∂xφ] , (54a)
U2+U
2
−
(
L†R(x+)R†L(x) +R†L(x+)L†R(x)
)
→ U
2
+U
2
−
(2πα′)2
[
ei
√
4pi(φ(x+)−φ(x)) + e−i
√
4pi(φ(x+)−φ(x))
]
≈ − m
2
4πH2
(∂xφ)
2
+ const + · · · , (54b)
where we used U2+ + U
2
− = 1 and U+U− =
m
2H , and assumed δ = α
′. The final term
in Eq. (54a) could be negligible or be replaced with a constant: such a procedure
is supported by the equal-time commutation relation [φ(x), θ(y)] = − i2 sgn(x − y).
Consequently, two terms in Eq. (54) lead to an additional boson kinetic term,
− 1
4π
(λ‖ −
m2
H2
λ⊥)(∂xφ)2 +
λ‖
4π
(U2− − U2+)2(∂xθ)2, (55)
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for the K = 1 Gaussian theory (42) [54]. This term is inclined to make the parameter
K increase, i.e.,K > 1, provided that λ‖ is the same order as λ⊥. The relationK > 1 is
consistent with the predictions of the numerical calculation in Ref. [25] and the NLSM
approach [24]. (It is shown in Ref. [25] that K is between 1.0 and 1.5 in the field-
induced TLL state.) Besides Eq. (54), other terms in Eq. (53) also yields a correction
of K and v, but it is expected that the property K > 1 is maintained. From Eq. (53),
one also finds that the current-current interaction does not generate any relevant or
marginal vertex operators such as cos(
√
4πφ). It means that the massless TLL phase
survives even when the λ interaction is taken into account. The third normal-ordered
term in Eq. (53a) provides only a small correction of the magnetization M , and can
be absorbed into the Gaussian theory via φ(x)→ φ(x) − const× x.
4.2. Spin staggered component
Compared with the formula (51) for the uniform component of the spin, the way
of leading to a field-theory formula for the staggered component ~N(x) is not
straightforward, because we have to express the vertex operators e±i
√
piΘ and e±i
√
piΦ
in Eq. (23) in terms of another boson (φ, θ) language and the magnon η− one. To this
end, we apply the discussion in Ref. [29].
First, using some results in the previous sections, let us naively speculate the
relation between the “old” boson (Φ,Θ) and the “new” one (φ, θ). The expression of
J3(x) in Eqs. (22) and (51a) indicates the following relation between Φ and φ,
− 1√
π
∂xΦ(x) ≈ − 1√
π
∂xφ(x) +M/a0
− iCz0κLκR sin(
√
4πφ− 2πMx/a0) + · · · . (56)
Performing the integration with respect to x in Eq. (56), we obtain
Φ(x) ≈ φ(x) −√πMx/a0 + · · · , (57)
where we dropped the sin term because it oscillates and then vanishes in the
integration. From this, we can expect that
e±i
√
piΦ ∼ e±i(
√
piφ−piMx/a0), (58)
holds within a rough approximation. We next consider dual fields Θ and θ. The U(1)
spin rotation in Eq. (44) could be realized by
θ(x)→ θ(x) − γ√
π
, (59)
in the boson language. The comparison between this and Eq. (25) implies the relation,
e±i
√
piΘ ∼ e±i
√
piθ. (60)
In order to raise the validity of speculations (58) and (60), and obtain a more
appropriate relationship between e±i
√
piΦ(Θ) and (φ, θ, η−), a standard bosonization
formula,
ψL =
ζL√
2πα
e−i
√
pi(Φ+Θ), ψR =
ζR√
2πα
ei
√
pi(Φ−Θ), (61)
is available. From this formula, we rewrite vertex operators e−i
√
piΦ and e−i
√
piΘ as
e−i
√
piΦ =
√
2πα
[
Dei
√
piΘζLψL + (1−D)e−i
√
piΘζRψ
†
R
]
, (62a)
e−i
√
piΘ =
√
2πα
[
Dei
√
piΦζLψL + (1−D)e−i
√
piΦζRψR
]
, (62b)
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where D is an arbitrary constant [55]. Then, employing approximated results (58),
(60), (43), and the bosonization formula L,R ∼ e∓i
√
4piφL,R in the right-hand sides in
Eq. (62), we can arrive at a desirable representation of e±i
√
piΦ(Θ). This method was
proposed in Ref. [29].
Following the above idea, we obtain
e−i
√
piΘ ≈
√
α
4α′
e−i
√
piθ
[
U− (−iζLκL + ζRκR)
+ U+
(
−iζLκRei
√
4piφ−2piMx/a0 + ζRκLe−i
√
4piφ+2piMx/a0
)]
+
√
πα
2
(
iζLe
i
√
piφ−piMx/a0 + ζRe−i
√
piφ+piMx/a0
)
η−
+ · · · , (63a)
e−i
√
piΦ ≈
√
α
4α′
[
U− (−iζLκL + ζRκR) e−i
√
piφ+piMx/a0
+ U+ (−iζLκR + ζRκL) ei
√
piφ−piMx/a0
]
+
√
πα
2
(
iζLη−ei
√
piθ + ζRη
†
−e
−i√piθ
)
+ · · · , (63b)
where we set D = 1/2, and κL(R) is the Klein factor of the field L(R) [56]. It is
found that the naive expectations (58) and (60) are qualitatively consistent with the
result (63). From this formula, our target, the staggered component of the spin may
be represented as
N3(x) = σ3 cos(
√
πΦ)
≈ σ3
[
Dz1 cos
(√
πφ− πMx/a0
)
+Dz1
′
{
(iζL + ζR)η−ei
√
piθ + h.c.
}]
+ · · · , (64a)
N+(x) ≡ N1(x) + iN2(x) = iµ3e−i
√
piΘ
≈ µ3e−i
√
piθ
[
D1 +D2 cos
(√
4πφ− 2πMx/a0
)
+ · · ·
]
+D′1µ
3
(
iζLe
i
√
piφ−piMx/a0 + ζRe−i
√
piφ+piMx/a0
)
η−
+ · · · , (64b)
where D
(z,′)
n are nonuniversal constants, which include effects of irrelevant terms,
and we naively omitted some of Klein factors ζν and κν . We used the formula
L,R ∼ e∓i
√
4piφL,R in Eqs. (63) and (64). Instead of that, applying the formula (A.4),
we can introduce more irrelevant terms in Eqs. (63) and (64) [see the replacement (52)].
For instance, we might replace cos(
√
πφ− πMx/a0) in Eq. (64a) with
∞∑
n=0
D˜n cos
[
(2n+ 1)(
√
πφ− πMx/a0)
]
, (65)
where D˜n is a nonuniversal constant.
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4.3. Symmetries
Through several considerations, we obtained a field-theory formula for spin operators,
Eqs. (51) and (64). Using the formula, transformations (44)-(46) and the effective
Hamiltonians (41) and (42), we can consider how the symmetries of the spin-1 AF
chain (4) are represented in the partially-bosonized effective theory framework.
(i) As we discussed already, a U(1) rotation around the spin z axis, S+j → eiγS+j ,
could be realized by
η− → eiγη−, θ → θ − γ√
π
. (66)
(ii) The one-site translation ~Sj → ~Sj+1 may correspond to
η−(x)→ −η−(x+ a0), ξ3L,R(x)→ −ξ3L,R(x+ a0),{
θ(x)→ θ(x + a0) +
√
π
φ(x)→ φ(x + a0)−
√
πM
,
{
σ3(x)→ −σ3(x+ a0)
µ3(x)→ µ3(x+ a0) . (67)
These transformations cooperatively change the staggered factor (−1)j in front of
~N(x) into (−1)j+1.
(iii) The site-parity transformation ~Sj → ~S−j might be regarded as [51]
η−(x)→ ±iη−(−x),
{
ξ3L(x)→ ∓ξ3R(−x)
ξ3R(x)→ ±ξ3L(−x)
,

κL → ∓iκR
κR → ∓iκL
φ(x)→ −φ(−x)
θ(x)→ θ(−x)
,
{
σ3(x)→ σ3(−x)
µ3(x)→ µ3(−x) ,
{
ζL → ∓ζR
ζR → ±ζL . (68)
These symmetry operations might tell us which additional terms are allowed to be
present in formulas (51) and (64): for example, the staggered component N3(x) may
include σ3({(iζL+ζR)∂xη−}nein
√
piθ+h.c.), σ3η†−η−, etc (n: an integer). These terms
are properly transformed for all the symmetry operations.
If we integrate out massive fields in the partition function and replace all massive-
field parts in spin operators with their expectation values, the effective Hamiltonian
becomes the Gaussian model (42) and the reduced spin operators containing only
massless boson fields are given by
J3(x) → M
a0
− 1√
π
∂xφ+ C
z
0 cos
(√
4πφ− 2πMx/a0
)
+ · · · ,
N+(x) → e−i
√
piθ〈µ3〉
[
D1 +D2 cos
(√
4πφ− 2πMx/a0
)
+ · · ·
]
,
(J+(x))2 → e−2i
√
piθ
[
C¯1 + C¯2 cos
(√
4πφ− 2πMx/a0
)
+ · · ·
]
,
(N3(x))2 → D¯1 + D¯2 cos
(√
4πφ− 2πMx/a0
)
+ · · · , (69)
where C¯n and D¯n are nonuniversal constants, all the Klein factors are naively
eliminated, and we used (σ3(x))2 ∼ const, 〈η−η†−〉 ∼ O(a−10 ), and 〈ξ3νξ3ν′〉 ∼ O(a−10 )
(see Appendix B). This result indicates that the compactification radius of φ and that
of θ are respectively 1/
√
4π and 1/
√
π. In this bosonized-theory framework, we could
interpret that the U(1) rotation S+j → eiγS+j , the one-site translation ~Sj → ~Sj+1, and
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the site-parity operation ~Sj → ~S−j , respectively, corresponds to
θ → θ − γ√
π
, (70a)
θ(x)→ θ(x + a0) +
√
π, φ(x)→ φ(x + a0)−
√
πM, (70b)
φ(x)→ −φ(−x), θ(x)→ θ(−x). (70c)
The symmetries of Eq. (70) strongly restrict the emergence of the relevant vertex
operators in the effective field theory (42): the U(1) symmetry (70a) [the translational
symmetry (70b)] forbids ein
√
piθ [ein
√
4piφ] to exist in the effective Hamiltonian [57].
Consequently, the TLL state stably remains.
One can see that the above transformations (70) are very similar to those of the
effective bosonization theory for spin-1/2 AF chains (see Appendix C).
4.4. Asymptotic behavior of spin correlation functions
Applying the formulas (51) and (64), let us investigate equal-time spin correlation
functions in the field-induced TLL phase. The asymptotic forms of equal-time two-
point functions of ~J and ~N are evaluated as
〈J3(x)J3(0)〉 ≈
(
M
a0
)2
+
1
π
〈∂xφ(x)∂xφ(0)〉
+Az cos
(
2πM
x
a0
)
〈e−i
√
4piφ(x)ei
√
4piφ(0)〉+ · · ·
=
(
M
a0
)2
− K
2π2
1
x2
+Az cos
(
2πM
x
a0
)(
α′
x
)2K
+ · · · , (71a)
〈J+(x)J−(0)〉 ≈ A cos
(
πM
x
a0
)
〈e−i
√
pi(φ±θ)(x)ei
√
pi(φ±θ)(0)〉
× 〈ξ3L/R(x)ξ3L/R(0)〉+ · · ·
∼ cos
(
πM
x
a0
)(
α′
x
)K+K−1
2
K1
(
x
ξc
)
+ · · · , (71b)
〈N3(x)N3(0)〉 ≈ Bz cos
(
πM
x
a0
)
〈σ3(x)σ3(0)〉
× 〈e−i
√
piφ(x)ei
√
piφ(0)〉+ · · ·
∼ cos
(
πM
x
a0
)(
α′
x
)K/2
K0
(
x
ξc
)
+ · · · , (71c)
〈N+(x)N−(0)〉 ≈ B1〈µ3(x)µ3(0)〉〈e−i
√
piθ(x)ei
√
piθ(0)〉
[
1
+ B2 cos
(
2πM
x
a0
)
〈e−i
√
4piφ(x)ei
√
4piφ(0)〉+ · · ·
]
∼
(
α′
x
)1/(2K)
+ B′2 cos
(
2πM
x
a0
)
×
(
α′
x
) 1
2K
+2K
+ · · · , (71d)
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where A(z) and B(z,′)(n) are nonuniversal constants, Kν is the modified Bessel function,
and x ≫ ξc(= v0/m). In the calculation of Eq. (71), we used Eqs. (10) [see the
comment [48]], (A.8), (B.3)-(B.5). From this result, longitudinal and transverse spin-
spin correlators are determined as
〈Szj Sz0 〉 ≈M2 −
K
2π2
(a0
x
)2
+ Cz0 cos (2πMj)
(a0
x
)2K
+Dz1 cos (π(1 +M)j)
(a0
x
)(K+1)/2
e−x/ξc + · · · , (72a)
〈S+j S−0 〉 ≈ C1 cos (πMj)
(a0
x
)(K+K−1+1)/2
e−x/ξc
+D1(−1)j
(a0
x
)1/(2K)
+D2 cos (π(1 + 2M)j)
(a0
x
) 1
2K
+2K
+ · · · , (72b)
where x = ja0 ≫ ξc, and C(z)q and D(z)q are nonuniversal constants which are
related to C
(z)
n and D
(z,′)
n in Eqs. (51) and (64). The first two terms in 〈Szj Sz0 〉
and the second term in 〈S+j S−0 〉 can also be derived by the NLSM plus Ginzbrug-
Landau approach [23, 24], but it is difficult to obtain all the other terms within the
same approach. One can verify that the critical exponent of the incommensurate
part around wave number p ∼ ±2kF (kF = πM/a0) in 〈Szj Sz0 〉, ηz = 2K, and
that of the staggered part in 〈S+j S−0 〉, η = 1/(2K), satisfy the famous relation
ηηz = 1 [58, 59, 23, 29, 10]. In addition, it is found that the contribution around
p ∼ π/a0± kF in 〈Szj Sz0 〉 and that around p ∼ ±kF in 〈S+j S−0 〉 exhibit an exponential
decay. Comparing Eq. (72) with the spin correlators of a two-leg spin-1/2 ladder in a
uniform field in Ref. [29] would be instructive (although our calculations in Eqs. (71)
and (72) are rougher than those in Ref. [29]). Besides Eq. (72), using the formulas (51)
and (64), one can calculate various physical quantities (susceptibilities, dynamical
structure factors, NMR relaxation rates, etc) in the TLL phase [24].
In all the calculations of this subsection, we assumed that the three systems Hˆ[φ],
Hˆ[ξ3], and Hˆ[η−] are independent of each other. Although small interactions among
these systems would actually be present, it is expected that their effects in the low-
energy, long-distance physics are almost negligible and could be absorbed into some
parameters such as K, v(0), m, etc.
5. Some applications of the field-theory representation of spin operators
In this section, utilizing the derived formulas (51) and (64), we discuss some topics
for the low-energy physics in/around the uniform-field-induced TLL phase.
5.1. String order parameter
As a quantity characterizing the Haldane phase (H < m), there is the nonlocal string
order parameter which can detect the so-called “hidden AF long-range order” in the
phase [60, 61, 8]. It is defined by
Oα(i, j) = − lim|i−j|→∞
〈
Sαi exp
(
iπ
j−1∑
n=i+1
Sαn
)
Sαj
〉
. (73)
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In the continuous-field-theory framework, we can predict [41, 40] that the string
parameter is approximated as follows:
Oα(i, j) ∼ 〈µα+1(xi)µα+2(xi)µα+1(xj)µα+2(xj)〉, (74)
where xi = ia0 and xj = ja0. Actually, the right-hand side is a finite, non-zero value
in the Haldane phase where 〈µα〉 6= 0.
From the formula (A.6), the z component of the string parameter is rewritten as
Oz(i, j) ∼ 〈cos(
√
πΦ(xi)) cos(
√
πΦ(xj))〉. (75)
In the field-induced TLL phase (H > m), the vertex operator exp(±i√πΦ) is
represented by using fields (φ, θ, η−) [see Eqs. (63b) and (64a)]. Hence, it is predicted
that in the TLL phase, Oz(i, j) behaves as
Oz(i, j) ∼ 〈cos(
√
πφ(xi)− πMi) cos(
√
πφ(xj)− πMj)〉+ · · ·
∼ cos [πM(i− j)]
(
a0
xi − xj
)K/2
+ · · · . (76)
Namely, Oz(i, j) is shown to exhibit power decay in the TLL phase.
5.2. SU(2)-invariant perturbations
In Secs. 5.2-5.4, we investigate typical perturbations for the critical TLL state. In
particular, we focus on whether or not the perturbation terms yield a first excitation
gap, and the symmetries of them.
In this subsection, we discuss two terms: the bond alternation
∑
j(−1)jJδ~Sj ·~Sj+1
(|δ| ≪ 1) and the next-nearest-neighbor (NNN) exchange ∑j J2~Sj · ~Sj+2 (|J2| ≪ J),
which are invariant under the global SU(2) transformation. Because a global U(1)
symmetry, a part of the SU(2) one, is usually necessary for the realization of the
TLL i.e., a c = 1 CFT [1, 2, 4, 8], and (as we mentioned in Sec. 4.3) it prohibits all
vertex operators with the dual field θ(x) from emerging in the effective Hamiltonian,
we expect, without any calculations, that the TLL phase survives even when these
perturbations are applied. Let us consider the two terms below in more detail.
From the continuous-field formula (7), we can expect that the bond alternation
term is approximated as∑
j
(−1)jJδ~Sj · ~Sj+1 =
∑
j
Jδ(−1)j
[
1
2
(
S+j S
−
j+1 + h.c
)
+ Szj S
z
j+1
]
∼ Jδa0
∫
dx
{
(−1)j
[1
2
(
J+(x)J−(x+ a0) + h.c
)
+ Jz(x)Jz(x+ a0)
−1
2
(
N+(x)N−(x+ a0) + h.c
)
+Nz(x)Nz(x + a0)
]
+
1
2
(−J+(x)N−(x + a0) +N+(x)J−(x + a0) + h.c)
−Jz(x)Nz(x+ a0) +Nz(x)Jz(x+ a0)
}
. (77)
Let us substitute the formulas (51) and (64) into the above result, although such a
procedure sometimes causes mistakes (see the comment [55]). As a result, we obtain∑
j
(−1)jJδ~Sj · ~Sj+1 → Jδ
∫
dx
∞∑
n=1
[
λ′n cos(n(
√
4πφ− 2πMj) + α′n)
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+ (−1)jλn cos(n(
√
4πφ− 2πMj) + αn)
]
+ · · · , (78)
where λ
(′)
n and α
(′)
n are nonuniversal constants. Here, we used (σ3(x))2 ∼ const,
and the operator product expansion (OPE) µ3 × ξ3L,R ∼ σ3 + · · · [1, 2, 4, 62],
and then integrated out all the massive-field parts in the partition function (see
the comment [53]). In order to more restrict the form of Eq. (78), we utilize the
symmetry argument. For the one-site translation and the site-parity operation, the
bond alternation term changes its sign. Its bosonized form should also have the same
property; namely, we require the right-hand side in Eq. (78) to change the sign for
φ(x) → φ(x + a0) −
√
πM and φ(x) → −φ(−x) [see Eq. (70)]. Consequently, we set
λ′n = 0 and αn = π/2. The resultant form of Eq. (78) is∑
j
(−1)jJδ~Sj · ~Sj+1 → Jδ
∫
dx
∞∑
n=1
(−1)jλn sin(n(
√
4πφ− 2πMj))
+ · · · . (79)
This bosonized form indicates that in general, the bond alternation is irrelevant in
the TLL phase due to the staggered factor (−1)j and the phase 2nπMj. However,
when M = 1/2 (half of the saturation), a relevant interaction sin(
√
4πφ) originates
from the n = 1 term in Eq. (79) because of the cancellation of two factors (−1)j and
2πMj. The scaling dimension ∆s of sin(
√
4πφ) is K (1 ≤ K < 1.5 [25]). At this case
ofM = 1/2, the low-energy physics may be described by a sine-Gordon theory, and an
infinitesimal bond alternation induces a finite excitation gap and a finite dimerization
parameter 〈~S2n · ~S2n+1 − ~S2n+1 · ~S2n+2〉. The existence of the gap further means that
the bond alternation brings anM = 1/2 plateau in the uniform magnetization process.
The scaling argument near a criticality [63] shows that the bond-alternation-induced
gap ∆δ and dimerization parameter respectively behave as
∆δ ∼ |δ|1/(2−K),
〈~S2n · ~S2n+1 − ~S2n+1 · ~S2n+2〉 ∼ −sgn(δ)|δ|K/(2−K), (80)
for a small |δ|. Because of the inequality 1/(2−K) > 1, the gap gradually grows with
increasing |δ|. These predictions for the (small) bond alternation are consistent with
previous numerical [64] and analytical [65] works.
Next, let us tern to the NNN coupling (J2) term. Through an argument similar
to that above, we arrive in the following result:∑
j
J2~Sj · ~Sj+2 → J2
∫
dx
{a0
π
(∂xφ)
2 − 2M√
π
∂xφ
+
∞∑
n=1
λ˜n cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (81)
where λ˜n is a nonuniversal constant. We used the symmetry argument: the right-hand
side in Eq. (81) is invariant under φ(x)→ φ(x+a0)−
√
πM and φ(x)→ −φ(−x). Since
the bosonized NNN coupling does not contain any relevant operators for arbitrary
magnetization values, we conclude that the TLL phase remains even when a sufficiently
small NNN exchange perturbation is introduced. The derivative term ∂xφ is absorbed
into the Gaussian part via φ→ φ− constJ2× x and provides a small correction of the
magnetization M . While the boson quadratic term (∂xφ)
2 makes the velocity v and
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the TLL parameter K modify. After easy calculations, we can see that when J2 > 0
(J2 < 0), M and K decrease (increase), but v increases (decreases).
5.3. Axially symmetric terms
In this subsection, we consider three kinds of U(1)-symmetric perturbation terms:
the single-ion anisotropy Dz
∑
j(S
z
j )
2 (so-called D term), the XXZ type anisotropy
J∆z
∑
j S
z
j S
z
j+1, and the staggered-field Zeeman term along the spin z axis
−hz
∑
j(−1)jSzj (|Dz |, |hz| ≪ J and |∆z| ≪ 1). As in the cases of the bond alternation
and the NNN coupling, there is a high possibility that the TLL phase survives as these
perturbations are added.
Following the similar argument to that in the last subsection, we can bosonize
the three terms as follows:
Dz
∑
j
(Szj )
2 → Dz
∫
dx
{a0
π
(∂xφ)
2 − 2M√
π
∂xφ
+
∞∑
n=1
dn cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (82a)
J∆z
∑
j
Szj S
z
j+1 → J∆z
∫
dx
{a0
π
(∂xφ)
2 − 2M√
π
∂xφ
+
∞∑
n=1
δn cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (82b)
−hz
∑
j
(−1)jSzj → − hz
∫
dx
{
(−1)j
∞∑
n=1
zn cos(n(
√
4πφ− 2πMj))
+ · · ·
}
, (82c)
where dn, δn and zn are nonuniversal constants. For instance, we required the
bosonization form (82c) of the staggered-field term to change its sign for the one-
site translation φ(x) → φ(x + a0) −
√
πM and to be invariant under the site-parity
transformation φ(x)→ −φ(−x). The results (82a) and (82b) suggest that the D term
and the XXZ exchange play almost the same roles in the low-energy, long-distance
physics of the TLL phase. If Dz > 0 (Dz < 0), M and K decrease (increase), while
v increases (decreases). As expected, these three terms generally do not destroy the
TLL state. However, as in the case of the bond alternation term, when the uniform
magnetization M becomes close to 1/2, the staggered-field term involves a relevant
term cos(
√
4πφ) with ∆s = K. Therefore, a staggered-field-induced gap ∆hz opens
and 〈Szj 〉 obtains a staggered component at M = 1/2. From the standard scaling
argument, the gap and the magnetization are shown to behave as
∆hz ∼ |hz|1/(2−K),
〈Szj 〉 ≈
1
2
+ (−1)jf
(
H
J
)
sgn(hz)|hz|K/(2−K), (83)
where f is a function.
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5.4. Axial-symmetry-breaking terms
Here, we discuss three axial-symmetry-breaking terms: the D term with the x
component of spin Dx
∑
j(S
x
j )
2, another kind of the single-ion anisotropy (so-called E
term) E
∑
j [(S
x
j )
2−(Syj )2] = E2
∑
j [(S
+
j )
2+(S−j )
2], and the staggered-field term along
the spin x axis −hx
∑
j(−1)jSxj (|Dx|, |E|, |hx| ≪ J). Since the three terms destroy
the axial U(1) symmetry (θ → θ−γ/√π), vertex operators with θ(x) are allowed to be
present in the effective Hamiltonian. It is inferred that such vertex operators cause an
instability of the TLL state, and then a finite excitation gap occurs. Here, note that
the Dx and E terms are invariant under the π rotation S
+
j → −S+j (θ → θ−
√
π) [20],
whereas the hx term obtains a minus sign via the same rotation. Furthermore, the
π/2 rotation leaves the E term change the sign.
Through some calculations, the three perturbation terms are bosonized as
Dx
∑
j
(Sxj )
2 → Dx
∫
dx
{
cos(
√
4πθ)
∞∑
n=0
d(1)n cos(n(
√
4πφ− 2πMj))
+ cos(4
√
πθ)
∞∑
n=0
d(2)n cos(n(
√
4πφ− 2πMj))
+
∞∑
n=0
d(3)n cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (84a)
E
∑
j
[(Sxj )
2 − (Syj )2]→ E
∫
dx
{
cos(
√
4πθ)×
∞∑
n=0
en cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (84b)
− hx
∑
j
(−1)jSxj → − hx
∫
dx
{
cos(
√
πθ)
×
∞∑
n=0
xn cos(n(
√
4πφ− 2πMj)) + · · ·
}
, (84c)
where d
(l)
n , en and xn are nonuniversal constants. (Since the bosonized form of the
anisotropic exchange J∆x
∑
j S
x
j S
x
j+1 is the same type as Eq. (84a), we do not discuss
it here.) One should note the following properties: (i) cos(
√
πθ) → − cos(√πθ),
cos(
√
4πθ) → cos(√4πθ) and cos(4√πθ) → cos(4√πθ) for the π rotation, and (ii)
cos(
√
4πθ)→ − cos(√4πθ) for the π/2 rotation.
The most relevant operator in both Dx and E terms is always cos(
√
4πθ) with
∆s = 1/K < 2. Thus, the low-energy properties can be explained by a sine-
Gordon model, and a gap emerges. Supposing d
(1)
0 and e0 are positive, the potential
cos(
√
4πθ) pins the phase field θ to ±√π/2 (0 or √π) modulo 2√π for Dx, E > 0
(Dx, E < 0). In such a case of θ → ±
√
π/2 (→ 0 or √π), it is expected that
〈Sxj 〉 ∼ (−1)j〈cos(
√
πθ)〉 = 0 (6= 0) and 〈Syj 〉 ∼ (−1)j〈sin(
√
πθ)〉 6= 0 (= 0). From
this prediction and the scaling argument [∆s of e
i
√
piθ is 1/(4K)], we conclude that
for a small Dx term, the gap ∆Dx and the transverse component of the spin moment
increase as follows:
∆Dx ∼ |Dx|K/(2K−1),
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〈Syj 〉 ∼ (−1)jDx1/(8K−4)
, (for Dx > 0),{ 〈Sxj 〉 ∼ (−1)j |Dx|1/(8K−4)
〈Syj 〉 ∼ 0
, (for Dx < 0). (85)
Of course, for a small E term, the similar results hold: we may replace Dx to E
in Eq. (85). The staggered moment (i.e., a Ne´el order) along the spin x or y axis
shows that the Dx (or E) term causes the spontaneous breakdown of the one-site
translational symmetry. Because of K/(2K − 1) < 1 and 1/(8K − 4) < 1, the Dx-
or E-term-induced gap and the transverse moment 〈Sx,yj 〉 rapidly increases with the
growth of |Dx| or |E|.
The staggered-field hx term contains the relevant term cos(
√
πθ) with ∆s =
1/(4K) < 2. Therefore, the hx-induced gap ∆hx and the staggered magnetization are
shown to behave as
∆hx ∼ |hx|4K/(8K−1), 〈Sxj 〉 ∼ (−1)jsgn(hx)|hx|1/(8K−1). (86)
For the spin-1/2 AF Heisenberg chain, which low-energy sector is also described by
a TLL theory (see Introduction), a staggered field also yields a gap and a staggered
moment. Oshikawa and Affleck [66] show that in the spin-1/2 case, ∆hx ∼ |hx|2/3 and
〈Sxj 〉 ∼ (−1)jsgn(hx)|hx|1/3. The result (86) thus indicates that the growth of both
the gap and the staggered moment in the spin-1 case is much sharper than that in the
spin-1/2 case.
5.5. Magnon decay induced by axial-symmetry-breaking terms
In this subsection, we briefly mention the magnon-decay processes, which have already
in some detail discussed in Ref. [20]. In order to consider such processes, let us go
back to the effective Hamiltonian (36), where η˜+, η˜
†
0 and η˜
†
− respectively denote the
Sz = +1, 0 and −1 magnon creation operators. The marginally irrelevant λ term,
omitted in Eq. (36), just contribute to the magnon decay.
First, we focus on the U(1)-symmetric AF chain (4) without any perturbations.
Since the one-magnon excitations are present only around p = π/a0, only the decay
from a magnon to an odd number of magnons is possible. If H is increased so that
3ǫ+(0) < ǫ−(0) (H > m/2) [3ǫ+(0) < ǫ0(0) (H > 2m/3)] are satisfied, a magnon η˜
†
−
[η˜†0] is energetically permitted to decay into three magnons η˜+η˜+η˜+ via the λ term.
However, since η˜+, η˜
†
0 and η˜
†
− possess different eigenvalues of S
z (namely, three kinds
of one-magnon states are in different sectors of the Hilbert space), this type of the
decay is forbidden. Indeed, for a U(1) rotation S+j → eiγS+j , η˜− [η˜0] is transformed as
η˜− → eiγ η˜− [η˜0 → η˜0 (invariant)], while the product η˜+η˜+η˜+ obey a different rotation
η˜+η˜+η˜+ → e3iγ η˜+η˜+η˜+. Three kinds of magnons (η˜+, η˜†0, η˜†−) therefore would be
well-defined quasiparticles in the U(1)-symmetric system (4).
On the other hand, when a U(1)-symmetry-breaking term is introduced, there
is a possibility that the above decay processes are allowed. In the case with the
Dx or E terms, the π-rotation symmetry (S
+
j → −S+j : γ = π), a part of the
U(1) rotation, survives. For this rotation, η˜− and η˜+η˜+η˜+ are odd, whereas η˜0 is
even. Furthermore, from Eqs. (38) and (39), we find that for example a sum of
four terms “η˜−(k1)η˜+(k2)η˜+(−k1)η˜+(−k2)− (k1,2 → −k1,2) + h.c” is invariant under
both the one-site translation and the site-parity operation. (Because the site-parity
operation (39) is the result of the approximation, the requirement of the invariance
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under this transformation might be too strong.) As a result, the process η˜†− → η˜+η˜+η˜+
is permissible. It is hence inferred that as sufficiently strongDx or E terms are present
in the system, η˜†− magnons become ill-defined particles, and we should eliminate the
magnon fields from the Hamiltonian (41) and the field-theory formulas of the spin,
Eqs. (51) and (64). In the case with the hx staggered-field term, symmetries of the
π rotation and the one-site translation are also broken (the two-site translational
symmetry remains). Therefore, the magnon decay would be more promoted. When
H is further increased and the η˜+-magnon condensation occurs (H > m), other types
of the magnon decay are energetically admitted: for instance, η˜†− → η˜†0η˜†0η˜+η˜+η˜+.
From the simple discussion above, one sees that as H is sufficiently strong, a
large axial-symmetry-breaking perturbation tends to make the lifetime of massive
magnons shorten. However, if such a perturbation is small enough, our effective theory
framework would still be reliable and have the ability to explain various low-energy
properties of spin-1 AF chains.
6. Summary
In this paper, based on the Majorana fermion theory, we have reconsidered the field
theory description of the spin-1 AF chain (4), and derived an explicit field-theory form
of spin operators in the uniform-field-driven TLL phase in the chain (4), i.e., Eqs. (51)
and (64) [the corresponding effective Hamiltonian is Eqs. (41) and (42)]. From the
formula, we have completely determined the asymptotic forms of spin correlation
functions (Sec. 4.4). Furthermore, applying the formula, we have investigated the
string order parameter and effects of some perturbation terms (the bond alternation,
the next-nearest interaction, anisotropy terms) in Sec. 5. We have estimated the
excitation gaps and some physical quantities (staggered moments and the dimerization
parameter) generated from the perturbations. From Sec. 2 to Sec. 5, we have often
argued how symmetries of the spin-1 AF chain are represented in the effective field
theory world.
Our results, especially Eqs. (51) and (64), must be useful in analyzing and
understanding various spin-1 AF chains with magnons condensed (i.e., with a finite
magnetization) and the extended models of them (e.g., spin-1 AF ladders, spatially
anisotropic 2D or 3D spin-1 AF systems). The results of Sec. 5 guarantee this
expectation. We will apply the contents of this paper to other spin-1 AF systems
in the near future.
Determining nonuniversal coefficients in Eqs. (51), (64) and (69), especially those
in front of terms including only massless bosons, is important for more quantitative
predictions of (quasi) 1D spin-1 systems. A powerful way of the determination is to
accurately evaluate the long-distance behavior of spin correlation functions by means
of a numerical method such as DMRG and QMC [10].
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Appendix A. Abelian bosonization for fermion systems
Here, we briefly summarize the Abelian bosonization. As mentioned in Sec. 2, in
(1+1)D case, a massless Dirac (complex) fermion or two species of massless Majorana
(real) fermions (critical Ising models) are equivalent to a massless bosonic Gaussian
theory. The former Hamiltonian is written as
Hˆ[ψ] =
∫
dx ic
(
ψ†L∂xψL − ψ†R∂xψR
)
=
∫
dx
∑
q=1,2
i
2
c (ξqL∂xξ
q
L − ξqR∂xξqR) = Hˆ[ξ1, ξ2], (A.1)
where ψν and ξ
q
ν are respectively the chiral components of the Dirac fermion and the
real one, and c is the Fermi velocity. These fermions obey anticommutation relations:
{ξqν(x), ξq
′
ν′ (y)} = δν,ν′δq,q′δ(x − y), {ψν(x), ψν′ (y)} = 0 and {ψν(x), ψ†ν′ (y)} =
δν,ν′δ(x− y). The corresponding Hamiltonian of the Gaussian theory is
Hˆ[φ] =
∫
dx
c
2
[
(∂xθ)
2 + (∂xφ)
2
]
=
∫
dx c
[
(∂xφL)
2 + (∂xφR)
2
]
,
(A.2)
where φ = φL + φR is the real scalar field, θ = φL − φR is the dual field of
φ, and φL(R) is the left (right) moving part of φ. The fields φ and θ satisfy the
canonical commutation relation [φ(x), θ(y)] = − i2 sgn(x − y). Chiral fields φL,R obey
[φL(x), φR(y)] = 0 and [φL/R(x), φL/R(y)] = ∓ i4 sgn(x − y). In condensed-matter
physics, the Hamiltonian (A.1) usually originates from a microscopic system in solids
(e.g., a lattice system such as the Hubbard chain and the Heisenberg one) after a
coarse-graining or a renormalization procedure.
Among these fermion and boson fields, operator identities hold. The fermion
annihilation (or creation) operators are bosonized as
ψL =
κL√
2πα
exp(−i
√
4πφL), ψR =
κR√
2πα
exp(i
√
4πφR), (A.3)
where κL,R are Klein factors which satisfy {κν, κν′} = 2δν,ν′ , and are necessary for
the boson vertex (exponential) operators to reproduce the correct anticommutation
relation between ψL and ψR. The parameter α is a short-distance cut off, which
depends on details of the microscopic model considered. (Note that it is possible to
construct another formula without Klein factors, although it requires a modification
of commutation relations among bosons. See Refs. [67, 68].) Following Haldane’s
harmonic-fluid approach [69, 3, 10], one can obtain an alternative bosonized form of
ψL and ψR: when a real-space fermion field ψ(x) in the considering microscopic system
is approximated as ψ ∼ eikF xψR + e−ikF xψL, one may bosonize ψL,R as
e−ikF xψL =
κL√
2πα
∞∑
n=0
e−i(2n+1)(
√
piφ+kFx)e−i
√
piθ,
eikF xψR =
κR√
2πα
∞∑
n=0
ei(2n+1)(
√
piφ+kFx)e−i
√
piθ. (A.4)
The quantity kF is the Fermi wave number in the microscopic system. The n = 0
most relevant terms correspond to Eq. (A.3). The chiral U(1) currents JL =: ψ†LψL :
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and JR =: ψ†RψR : are written as
JL = 1√
π
∂xφL, JR = 1√
π
∂xφR. (A.5)
In addition to the correspondences between the fermion and the boson, it is
known [1, 4, 28, 29, 62, 70] that the Ising order and disorder fields σν and µν can
be bosonized as [71]
σ1σ2 ∼ sin(
√
πφ), µ1µ2 ∼ cos(
√
πφ),
σ1µ2 ∼ cos(
√
πθ), µ1σ2 ∼ sin(
√
πθ). (A.6)
Following these Abelian bosonization rules, one can bosonize 1D interacting Dirac
fermion systems as well as the free massless fermion (A.1). If the interaction terms
are all irrelevant in the sense of the renormalization group, the effective Hamiltonian
at the low-energy limit is still a Gaussian type with the velocity c and coefficients
of (∂xφ)
2 and (∂xθ)
2 renormalized. Conventionally [3], the resultant Hamiltonian is
written as
Hˆeff [φ] =
∫
dx
c′
2
[
g(∂xθ)
2 +
1
g
(∂xφ)
2
]
, (A.7)
where c′ is the renormalized velocity, and g is called the TLL parameter (the
Hamiltonian (A.2) corresponds to a g = 1 theory). When a system is reduced
to this type at the low-energy limit, we say that the system belongs to the TLL
universality [69, 1, 2, 3]. The Gaussian theory [1, 2, 3, 4, 8] yields
〈∂xφ(x)∂xφ(0)〉 = −K
2π
1
x2
,
〈eiq
√
piφ(x)e−iq
′
√
piφ(0)〉 ∼ δq,q′
(α
x
)q2g/2
,
〈eiq
√
piθ(x)e−iq
′
√
piθ(0)〉 ∼ δq,q′
(α
x
)q2/(2g)
, (A.8)
where q and q′ are an integer (note the comment [50]). This result shows that the
scaling dimensions of ∂xφ, e
iq
√
piφ and eiq
√
piθ are respectively 1, q2g/4 and q2/(4g).
Appendix B. Correlation functions of massive fermion theories
In this Appendix, we evaluate correlation functions of two massive fermion systems,
Hˆ[ξ3] =
∫
dx
i
2
v0
(
ξ3L∂xξ
3
L − ξ3R∂xξ3R
)
+miξ3Lξ
3
R,
=
∑
k
ǫ0(k)η˜
†
0(k)η˜0(k), (B.1)
Hˆ[η−] =
∫
dx η†−
(
− v
2
0
2m
∂2x +m+H +O(∂4x)
)
η−
=
∑
k
ǫ−(k)η˜
†
−(k)η˜−(k), (B.2)
where ξ3L,R is the chiral real fermion field, and other fields η− and η˜0,− are defined in
Sec. 3.
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First, we consider the Majorana fermion system (B.1). At T = 0, 〈η˜†0(k)η˜0(k′)〉 =
0 and 〈η˜0(k)η˜†0(k′)〉 = δk,k′ . Therefore, the two-point function of ξ3L is calculated as
〈ξ3L(x)ξ3L(0)〉 =
1
L
∑
k>0
1
2ǫ0(k)
[
(ǫ0(k)− kv0)eikx + (ǫ0(k) + kv0)e−ikx
]
≈ 1
2
δ(x) +
1
2
∫ Λ
−Λ
dk
2π
kv0
ǫ0(k)
e−ikx
≈ − i 2m
πv0
K1(x/ξc), (at x≫ ξc), (B.3)
where we used Eqs. (31), (34) and (35). Here, Λ is the ultraviolet cut off, ξc = v0/m,
and Kν is the modified Bessel function (Kν(z) ∼
√
2pi
z e
−z at z ≫ 1). Similarly, one
can obtain
〈ξ3R(x)ξ3R(0)〉 = 〈ξ3L(x)ξ3L(0)〉,
〈ξ3L(x)ξ3R(0)〉 ≈ − i
m
2πv0
K0(x/ξc), (at x≫ ξc). (B.4)
In another system (B.2), the similar relations 〈η˜†−(k)η˜−(k′)〉 = 0 and
〈η˜−(k)η˜†−(k′)〉 = δk,k′ hold at T = 0. One hence easily finds
〈η†−(x)η−(0)〉 = 0,
〈η−(x)η†−(0)〉 = δ(x) ∼
δx,0
α
, (B.5)
where α is the short-distance cut off.
In addition to these results, one can of course compute any correlation functions
of the systems (B.1) and (B.2), using Wick’s theorem, etc.
Appendix C. Symmetries of the spin-1/2 XXZ chain
The spin-1/2 XXZ chain (1) has the same global symmetries as those of the spin-1
AF chain (4): the U(1) rotation around the spin z axis, the one-site translation, and
the site-parity transformation. In the Abelian bosonization framework (see Eqs. (2)
and (3)), these three symmetries could be realized by the following transformations of
boson fields φ¯ and θ¯ [7, 72].
(i) The U(1) rotation S+j → eiγS+j corresponds to
θ¯ → θ¯ + γ√
π
. (C.1)
(ii) The one-site translation ~Sj → ~Sj+1 corresponds to
φ¯(x)→ φ¯(x+ a0) +
√
π
(
M¯ +
1
2
)
,
θ¯(x) → θ¯(x+ a0) +
√
π. (C.2)
(iii) The site-parity transformation ~Sj → ~S−j corresponds to
φ¯(x)→ − φ¯(−x) +
√
π
2
,
θ¯(x) → θ¯(−x). (C.3)
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